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The shape of solvable groups with odd order
S. P. GLASBY
Abstract. The minimal composition length, c, of a solvable group with solvable length
d satisfies 9(d−3)/9 < c < 9(d+1)/5. The minimal composition length, co, of a group with
odd order and solvable length d satisfies 7(d−2)/5 < co < 2d.
2000 Mathematics subject classification: 20F16, 20F14, 20E34
1. Introduction
Let c(G) and d(G) denote the composition length and solvable (or derived length) of
a finite and solvable G. All groups in this paper are finite and solvable unless otherwise
stated. If |G| = p1 · · · pr where the pi are primes, then G has a composition factor of order
pi for i = 1, . . . , r and c(G) = r. The derived series for G is defined recursively: G
(0) := G
and G(i+1) := [G(i), G(i)] for i > 0. By definition d(G) is the smallest d > 0 such that
G(d) = 1.
We seek to understand solvable and nilpotent groups that have solvable length d, and
smallest possible composition length. Set
cN(d) := min{c(G) | G is nilpotent and d(G) = d}
cS(d) := min{c(G) | G is solvable and d(G) = d}.
Let coN(d) (resp. c
o
S(d)) be defined similarly except that G ranges over nilpotent (resp.
solvable) groups of odd order. Section 2 is devoted to a proof of the result in the abstract.
A simple way to construct groups with large solvable length is via permutational wreath
products. Let Sm denote the symmetric group of degree m. The group SmwrSn can be
viewed as an imprimitive subgroup of Smn. (We shall not view SmwrSn as a subgroup of
Smn with product action.) IfH 6 Sm andK 6 Sn are both transitive, thenH wrK 6 Smn
is transitive and d(H wrK) = d(H) + d(K), see [10, Corollary 1]. The wreath product
Gr = S2wr · · · wrS2 with r copies of S2 has d(Gr) = r and c(Gr) = 2
r − 1. P. Hall
[6, Satz III.2.12] showed that G(i) 6 γ2i(G). If G is a p-group and d(G) = d > 1, then
2d−1 + 1 6 c(G) holds as 2d−1 6 c(G/γ2d−1(G)) 6 c(G/G
(d−1)). The following bounds
hold for d > 1:
2d−1 6 cN (d) 6 2
d − 1.
Therefore d = ⌊log2 cN(d)⌋ + 1. In Section 3 some general remarks concerning the
sharpening bounds for cN(d) and cS(d) are made, and the difficulty of constructing groups
with solvable length d and minimal composition length is considered.
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2. Solvable groups
Given a solvable group with solvable length d and minimal composition length c, we
bound d in terms of c, and c in terms of d.
Theorem 1. Denote by c (resp. c0) the minimal composition length of a solvable group
(resp. odd-order group) with solvable length d >0. Then
(a) γ log2 c−
2
3
< d < (γ + 1) log2 c+ 3 where γ = 5 log9 2 ≈ 1.58,
(b) log2 c0 < d < (γ0 + 1) log2 c0 + 2 where γ0 = 2 log7 2 ≈ 0.71.
Hence 9(d−3)/9 < cS(d) < 9
(d+1)/5 and 7(d−2)/5 < coS(d) < 2
d where 91/9 ≈ 1.27 · · · ,
91/5 ≈ 1.55 · · · , and 71/5 ≈ 1.47 · · · .
Proof. (a) Suppose that G is a group with solvable length d > 0, and minimal com-
position length. Then c(G) equals c := cS(d). If N is a nontrivial normal subgroup
of G, then c(G/N) < c(G) and so d(G/N) < d(G). It follows that G cannot have
distinct minimal normal subgroups N1, N2 otherwise G embeds in G/N1 × G/N2 and
d(G) > max{d(G/N1), d(G/N2)}. Let N be the unique minimal normal subgroup of G.
As N is characteristically simple, it is an elementary abelian p-group for some prime p. Let
P be the maximal normal p-subgroup of G. Then P 6= 1, and G has no normal subgroups
with order coprime to p. By a theorem of Hall and Higman [6, Hilfssatz VI.6.5] G/P acts
faithfully and completely reducibly on the vector space P/Φ(P ). We shall view P/Φ(P )
as an r-dimensional vector space over the field Fp with p elements. As P/Φ(P ) is abelian
d(G) 6 d(G/P ) + 1 + d(Φ(P )) holds. Suppose |Φ(P )| = ps. Then s := c(Φ(P )) and
d(Φ(P )) 6 log2 s+1. Because G/P 6 GL(r,Fp) is completely reducible, [10, Theorem C]
gives
d(G/P ) 6 5 log9(r/8) + 8 = γ log2(r/8) + 8
where γ = 5 log9 2. Since
c(G) = c(G/P ) + c(P/Φ(P )) + c(Φ(P )),
we see that c = c(G/P ) + r + s and s 6 c− r. Therefore
d = d(G) 6 (γ log2(r/8) + 8) + 1 + (log2 s+ 1)
6 γ log2(r/8) + log2(c− r) + 10
Using calculus, the maximum of γ log2(r/8) + log2(c − r) + 10, with 0 < r < c, occurs
when r = γc/(γ + 1). Thus d 6 (γ + 1) log2 c+ δ where
δ = γ log2(γ/8)− (γ + 1) log2(γ + 1) + 10 ≈ 2.78 < 3.
This establishes the upper bound for (a).
The lower bound for (a) is obtained by constructing five families of transitive permu-
tation groups Gn 6 Sn. Our exposition is influenced by [10]. Let G9 denote the maximal
solvable primitive permutation subgroup GL(2, 3)⋉32 6 S9, and set G8 = GL(2, 3) 6 S8.
Let m = 9r, and define Gm 6 Sm to be G9wr · · · wrG9 with r copies of G9. Set
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G2m = S2wrGm, G3m = S3wrGm, G4m = S4wrGm, and G8m = G8wrGm. Note that
d(Gm) = 5r and c(Gm) = 7(m− 1)/8 because |Gm| = |G9|
(m−1)/8. Thus
cS(5r) 6 7(m− 1)/8 < 7m/8, and 5 log9 cS(5r)− 2/3 < 5 log9(7m/8)− 2/3 < 5r
because log9m = r and 5 log9(7/8)− 2/3 ≈ −0.97. Similar calculations are summarized
below. In each case c(Gn) equals (knm − 7)/8 for some kn ∈ Z, and we abbreviate
5 log9(kn/8)− 2/3 by xn.
Gn d(Gn) |Gn| c(Gn) xn log9 c(Gn)−
2
3
Gm 5r |G9|
(m−1)/8 (7m− 7)/8 ≈ −0.97 < 5r
G2m 5r + 1 |S2|
m|Gm| (15m− 7)/8 ≈ 0.8 < 5r + 1
G3m 5r + 2 |S3|
m|Gm| (23m− 7)/8 ≈ 1.7 < 5r + 2
G4m 5r + 3 |S4|
m|Gm| (39m− 7)/8 ≈ 2.9 < 5r + 3
G8m 5r + 4 |G8|
m|Gm| (47m− 7)/8 ≈ 3.4 < 5r + 4
In all five cases 5 log9 c(Gn)− 2/3 < d(Gn) holds. Indeed, if ⌈x⌉ denotes the least integer
> x, then ⌈5 log9 c(Gn)− 2/3⌉ equals d(Gn). Since cS(d(Gn)) 6 c(Gn), the lower bound
in part (a) holds for d > 1.
(b) The proof of this part follows the same pattern as part (a). The upper bound is
proved similarly except instead of using [10] we use the following result [11, Theorem 4b]:
If G/P 6 GL(r,F) and |G/P | is odd, then d(G/P ) 6 2 log7(r/5) + 3 = γ0 log2(r/5) + 3
where γ0 = 2 log7 2. Thus d 6 (γ0 + 1) log2 c0 + δ0 where
δ0 = γ0 log2(γ0/5)− (γ0 + 1) log2(γ0 + 1) + 5 ≈ 1.7 < 2.
This establishes the upper bound for (b).
The lower bound for (b) follows from the trivial observation that coS(d) 6 c
o
N(d), and
the fact that P. Hall [6, Satz III.17.7] constructed groups of order p2
d
−1 and solvable
length d for each odd prime p. For aesthetic reasons, we outline an argument that mirrors
that in part (a) even though it gives a poorer bound γ0 log2 c0 +
2
3
< d than log2 c0 < d.
We define as in [11] transitive subgroups Hn 6 Sn of degree m = 7
r, and 3m. Set
Hm = H7wr · · · wrH7 where there are r copies of H7 and
H7 = 〈(2, 3, 5)(4, 6, 7), (1, 2, 3, 4, 5, 6, 7)〉6 S7,
and setH3m = A3wrHm where A3 has order 3 and degree 3. The bound γ0 log2 c
0
S(d)+
2
3
< d
is a consequence of
d(Hm) = 2r, d(H3m) = 2r + 1, c(Hm) =
m− 1
3
, c(H3m) =
4m− 1
3
.
It follows from γ log2 c−
2
3
< d and log2 c0 < d that c < 9
(d+1)/5 and c0 < 2
d. Similarly,
d < (γ + 1) log2 c+ 3 and d < (γ0 + 1) log2 c0 + 2 together with
1
9
<
γ
5(γ + 1)
≈ 0.122 and
1
5
<
γ0
2(γ0 + 1)
≈ 0.208,
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imply 9(d−3)/9 < c and 7(d−2)/5 < c0. This completes the proof. 
3. Examples
The bounds for cN(d) given in the introduction can be improved. P. Hall [6, Satz
III.7.10] proved 2d−1+d− 1 6 cN(d) by proving that a p-group G with G
(i+1) 6= 1 satisfies
c(G(i)/G(i+1)) > 2i + 1. No such bound exists for solvable groups. We give an example
below of an infinite residually solvable group G for which c(G(2i−1)/G(2i)) = 1 for i > 1.
Let Q denote the quaternion group of order 8, and E the extraspecial group of order 27
and exponent 3. Denote by Qn (resp. En) the central product of n copies of Q (resp. E)
amalgamating the centers. Then |Qn| = 2
2n+1 and |En| = 3
2n+1. When n = 0 the groups
Q0 and E0 are cyclic of order 2 and 3 respectively, and when n > 0 both Qn and En are
extraspecial groups. In [5, Section 7] an iterated split extension
G = Q0 ⋉E0 ⋉Q1 ⋉E1 ⋉Q3 ⋉E4 ⋉ · · ·⋉Qan ⋉ Ebn ⋉ · · · .
is constructed where a0 = b0 = 0 and an = 3
bn−1 , bn = 2
−1+an for n > 1. The orders of
the derived quotients G(i)/G(i+1) of G are:
2, 3, 22, 2, 32, 3, 26, 2, 38, 3, 2162, 2, 32·3
81
, 3, . . . .
In particular, c(G(2i−1)/G(2i)) = 1 for i > 1. If d 6 10 and d 6= 7, then G/G(d) has
minimal composition length amongst all solvable groups of solvable length d, see [3]. This
is surprising given that c(G/G(d)) grows faster than any exponential function of d. It is
shown in [3] that cS(d) equals 1, 2, 4, 5, 7, 8, 13, 15 when d = 1, 2, 3, 4, 5, 6, 7, 8.
The notation βp(d) is used in [2] to denote the minimal composition length of a p-
group with solvable length d. Clearly, cN(d) = minp βp(d) where p ranges over the prime
numbers. The following values of βp(d) were known at the time of Burnside:
βp(1) = 1, βp(2) = 3, βp(3) = 6 for p > 5, and β2(3) = β3(3) = 7.
It is shown in [1] that βp(4) = 14 for p > 5, and in [2] that βp(d) 6 2
d − 2 for p > 5. The
best known bounds for cN(d) are presently
2d−1 + 3d− 10 6 cN(d) 6 2
d − 2.
The upper bound holds when d > 3, and the lower bound [13] which holds for p > 5
improves the bound of Mann [8] when d > 7. Although cN(d) 6 c
o
N(d), both are O(2
d). If
it were the case that cS(d) and c
o
S(d) are both O(k
d) for some constant k, then Theorem 1
shows that 71/5 < k < 91/5.
Mann [9] investigates subgroups of Sn that have maximal order. These subgroups
which are wreath (and direct) products of S2, S3 and S4, do not improve the bound
cS(d) = O(9
d/5) of Theorem 1. The iterated wreath product H wr · · · wrH of d copies
of H = S2, S3, S4 gives the bounds cS(d) = O(2
d), cS(d) = O(3
d/2) and cS(d) = O(4
d/3).
These bounds are less sharp because
91/5 < 41/3 < 31/2 < 2 as 1.55 · · · < 1.58 · · · < 1.73 · · · < 2.
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In the proof of Theorem 1(a), certain groups Gn were used to establish an upper bound
for cS(d). It is natural to ask whether proper subgroups Kn of Gn can produce sharper
upper bounds which narrow the gap in Theorem 1(a). The permutation representation
S9 → GL(9,F2) fixes the 8-dimensional subspace {(x1, . . . , x9) | x1 + · · · + x9 = 0}.
This observation may be used to construct a subgroup K18 of G18 = S2wrG9 of index 2
satisfying d(G18) = d(K18). We define subgroups K2m 6 G2m where m = 9
r > 9 via
K2(9m) = K2mwrG9. Although d(K2m) = d(G2m) and |G2m : K2m| = 2
m/18 is large,
c(K2m) = O(m) = c(G2m) and we obtain the same bound cS(d) = O(9
d/5) as before.
It is unclear whether or not the gap 2d−1 + 3d − 10 6 cN (d) 6 2
d − 2 can be closed
appreciably by examples. The group Un of n×n unipotent upper-triangular matrices over
Fp has c(Un) = n(n− 1)/2 and d(Un) = ⌊log2(n − 1)⌋ + 1. Although Un is generated by
n− 1 elements, it has subgroups with 2 or 3 generators and maximal solvable length [4].
Estimating the order of these subgroups appears difficult.
The wreath product S2wr · · · wrS2, with d copies of the symmetric group S2, gave rise
to the bound cN(d) 6 2
d − 1. It is natural to ask whether this group contains proper
subgroups with derived length d. The answer is negative by Lemma 2 below. I am grateful
to Csaba Schneider for showing me a proof of this lemma.
Lemma 2. Let Gd = S2wr · · · wrS2 with d copies of S2. Then every proper subgroup Gd
has solvable length less than d.
Proof. We use induction on d. The result is true when d = 1, and when d = 2 because
proper subgroups of S2wrS2 are abelian. Assume that d > 2. It suffices to prove that
each maximal subgroup M of Gd satisfies M
(d−1) = 1. Write Gd = (H1 ×H2)⋊ S2 where
Hi ∼= Gd−1. The result is true if M = H1 × H2. Suppose that M 6= H1 × H2. Set
Ni = M ∩Hi. Since |Gd : M | = 2, we see |Hi : Ni| equals 1 or 2. The former is impossible
as M ⊳ Gd and M 6= H1 ×H2. Thus |H1 : N1| = |H2 : N2| = 2 and N = N1 × N2 ⊳ Gd.
Since M/N is a proper subgroup of G/N ∼= S2wrS2, and N
(d−2) = 1 by induction, it
follows that M (d−1) = 1. 
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